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We present a study of the photoelectron spectra for the ionization process driven by counterrotating and
corotating circularly polarized fundamental and odd-order harmonic fields. The main features of the spectra, such
as symmetric lobed structures, are understood using simple arguments based on the strong field approximation
(SFA) picture of ionization. A deviation from this picture is, most notably, the presence of the low-energy
structures (LES) in the spectra. We show that the Rydberg states populated as a result of the combined absorption
of the photons from the fundamental and harmonic fields are responsible for the origin of LES.
DOI: 10.1103/PhysRevA.95.053401
I. INTRODUCTION
Strong field ionization process driven by two circularly
polarized laser pulses has recently received considerable
attention in the literature [1–4]. The interplay of the two fields
leads to the presence of unusual structures in the photoelectron
spectra, such as helical vortex structures [4] for ionization
by two counterrotating pulses of the same frequency, or
symmetrical structures appearing in the case of a two-color
ionization [1].
In the latter work a field configuration consisting of a
circularly polarized fundamental field and its second harmonic
(for both counterrotating and corotating geometries) was used.
It was shown that the general features of the photoelectron
spectra for these field configurations generally agree with the
expectations based on the standard strong field approximation
(SFA) theory [5–7]. In particular, the photoelectron spectrum
for this field configuration exhibits a three-lobed structure
for the counterrotating, and a single-lobed structure for the
corotating case. It was found also that this field configuration
offers a possibility to study and control, to some extent, the
rescattering process [1], and thus study separately the tunnel-
ing and rescattering steps, which are important ingredients for
the genesis of many phenomena accompanying strong-field
ionization.
A manifestation of this control over the rescattering process
which this field configuration consisting of the fundamental
field and its second harmonic allows to achieve, were the
low-energy structures (LES) in the photoelectron spectra
which were shown to be present in the counterrotating and
absent in the corotating field geometries [1]. Since one of
the mechanisms of the appearance of LES is a process of
rescattering [8–11], and classical rescattering trajectories are
known to exist only for the counterrotating case, it was shown
unambiguously that the LES in this case were due to the
rescattering process. In another work [2] it was found that for
the counterrotating fundamental field and its second harmonic
a significant increase of the nonsequential double-ionization
yield can be achieved.
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A natural generalization of this setup would be a field
configuration consisting of the circularly polarized fundamen-
tal field and its higher harmonics. We will present below
a theoretical study of the ionization process for such a
configuration. The higher harmonics presently obtainable are
considerably weaker than the fundamental field. We will
consider, therefore, harmonic fields with field intensities one
percent of the fundamental field. To some extent this choice
limits the dynamics. Clearly, in this case we can have the clas-
sical rescattering trajectories neither for the counterrotating
nor for the corotating geometries (the second harmonic field
strength used by the authors of [1] was comparable to that
of the fundamental field, thereby enabling the existence of
the rescattering trajectories for the counterrotating geometry).
Our choice of the ratio of the field intensities of harmonic
and fundamental fields was motivated by the desire to use
experimentally achievable pulse parameters. We will see,
nevertheless, that even in the absence of the rescattering
process, ionization for this field geometry presents some
interesting and puzzling features, in particular, the presence
or absence of LES for different choices of the field geometry
(though the mechanism leading to the appearance of the LES
in this case is not the rescattering, but a different process as
to be explained below). Atomic units are used throughout the
paper.
II. THEORY
A. Solution of the TDSE
We solve the time-dependent Schrödinger equation (TDSE)




= [Ĥatom + Ĥint(t)](r). (1)
We use velocity form for the operator Ĥint(t) describing the
interaction of the atom with the laser field
Ĥint(t) = A(t) p̂, (2)
where A(t) = − ∫ t0 E(τ ) dτ is the vector potential of the field
configuration we consider, which is defined in terms of the
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electric field components as follows:
Ex(t) = f (t)√
2
(E1 cos ωt + Eq cos qωt),
(3)
Ey(t) = f (t)√
2
(E1 sin ωt ± Eq sin qωt),
where, in the second of these equations we should use the
minus sign for the counterrotating and the plus sign for the
corotating geometry. The field strength of the fundamental
field is E1 = 0.0534 a.u., corresponding to the intensity of
1014 W/cm2. As mentioned above, the harmonic field strength
was chosen as Eq = E1/10. The results of the calculations
for q = 3 and q = 5 are reported below. The function f (t) =
sin2(πt/T1) in Eq. (3) is a pulse envelope T1 = NT where
integer N is a total pulse duration (the particular values
used in the calculations were N = 12 for q = 3 and N = 10
for q = 5), T = 2π/ω is an optical cycle corresponding to
the fundamental frequency ω = 0.0577 a.u. (wavelength of
790 nm).
The initial state of the system is the ground state of a
hydrogen atom. To solve the TDSE we employed the procedure
described in the works [12–14]. The solution of the TDSE is







where spherical harmonics with orders up to Lmax = 50 were
used. The radial variable is treated by discretizing the TDSE
on a grid with the step-size δr = 0.1 a.u. in a box of the
size Rmax = 1000 a.u. Necessary checks were performed to
ensure that for these values of the parameters Lmax and Rmax
the convergence of the calculations has been achieved. The
wave function (r,t) was propagated in time using the matrix
iteration method [15].
B. Distribution of photoelectrons
Electron momentum distributions were found by projecting
the calculated wave function (r,t) after the end of the pulse
on the set of the (ingoing) scattering states of the hydrogen
atom. General features of the photoelectron spectrum for the
field configurations we consider can be inferred from the
simple SFA picture of ionization, in which ionization occurs
at the times tm of the peak field strength of the pulse, with the
final electron velocity given by the value of the vector potential
at this moment of time. Assuming for simplicity that the pulse
envelope is flat (which is a good enough approximation for
the sufficiently long pulses we consider), and considering the
counterrotating geometry, one can easily see that the total
electric field of the pulse has q + 1 peak values of equal
magnitude per each cycle of the fundamental field at times
tm = mTq+1 (m = 0, . . . ,q), with vector potential components

















cos ωtm . (5)
Here C = Eq
E1
= 0.1. According to this simple picture, for
the counterrotating geometry the photoelectron spectra should
form a regular structure with q + 1 lobes in the polarization
plane of the pulse. For the case of the corotating circularly
polarized fundamental field and its qth harmonic a simple
analysis proceeds analogously, with the result that the pho-
toelectron spectra in this case should exhibit a structure with
q − 1 lobes in the polarization plane of the pulse.
III. RESULTS AND DISCUSSION
Photoelectron momentum distributions in the polarization
plane are shown in Fig. 1 for the counterrotating fundamental
and third (left panel of the figure) and fifth (right panel)
harmonics. We present results given by the TDSE calculation
described above and the results given by an SFA calculation.
For the field geometry we consider, SFA ionization amplitude
for a hydrogen atom can be written, following the well-known
prescriptions of the SFA theory [16,17], as (we use velocity
gauge)













with g(t, p) = (A(t) p + A2(t)2 )
√
2
π(1+p2)2 , where ε0 = −0.5 a.u.
is the ground-state energy of the hydrogen atom, annd A(t)
is the vector potential for our field configuration which we
compute as A(t) = − ∫ t0 E(τ ) dτ using expressions (3) for
the electric fields.
Both the TDSE and SFA spectra shown in Fig. 1 exhibit
the q + 1-lobed structure in agreement with the simple picture
encapsulated by Eq. (5). The momentum distributions given
by the TDSE calculation are rotated, as a whole, relative to the
SFA distributions. That is, of course, an expected feature. The
Coulomb interaction, totally neglected in the simplest version
of the SFA described by the Eq. (6), is responsible for the
rotation of the spectra producing the Coulomb correction to
the observed offset angle [18], a well-known effect which
must be taken into account for the correct interpretation
of the experimental [19] or theoretical [18] applications of
the angular attosecond streaking technique. A most notable
departure from the prediction of the SFA, clearly manifest in
Fig. 1, is the low-energy structure (LES) visible in the central
part of the q = 5 case. Before discussing the possible origin
of this structure, we will present some other results which this
discussion will necessitate.
In Fig. 2 we show the results of the calculation for
the corotating fundamental and fifth harmonic. The pulse
parameters we used in this calculation are the same used above
for the counterrotating geometry. Figure 2 shows spectrum
possessing a q − 1-lobed symmetry as prescribed by the
simple SFA analysis we made above. We may also note
the absence of the LES in this case. The calculation for the
q = 3 case which we performed (we do not report the results
here because they do not provide essentially new information)
shows, as expected, a two-lobed structure and the absence of
the LES.
On the basis of the findings presented in Figs. 1 and 2 the
origin of the LES for the q = 5 case appears unclear. It is a
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FIG. 1. Ionization probability distribution in the polarization plane for the counterrotating fundamental and third harmonic (left panel), and
fundamental and fifth harmonic (right panel) fields given by the TDSE (first row) and SFA (second row) calculations based on Eq. (6). Pulse
parameters: intensity and frequency of the fundamental field are I = 1014 W/cm2, ω = 0.057 a.u. (wavelength of 790 nm). Intensities of the
third and fifth harmonics were 1012 W/cm2.
well-known fact [8,20,21] that LES, which are not predicted
by the ordinary SFA, can be present in the electron spectra of
different atomic targets for energies of the order of a fraction of
the ponderomotive energy. The LES have been found to disap-
pear with growing ellipticity of the driving laser pulse [20,22],
which lead to a conclusion that a rescattering process is respon-
sible for their origin [8]. For the circularly polarized fields we
consider, however, the rescattering probability is very low. It is
known that rescattering trajectories exist for the counterrotat-
ing geometry, and, consequently, the rescattering process may
lead to a significant nonsequential double ionization probabil-
ity [2]. These trajectories, however, exist only in the case of
comparable field strengths of the counterrotating electric fields
[1,2] and are clearly absent in the case of the ratio Eq/E1 = 0.1
we used above in defining the electric field of the pulse. More-
over, for the weak harmonic field we consider, the classical
trajectories (or even quantum trajectories which have also been
used to explain LES [9,23]) should be essentially the same for
both the q = 3 and q = 5 cases, regardless of the type (coun-
terrotating or corotating) of the field geometry we employ.
An alternative mechanism, which may lead to the ap-
pearance of the low-energy electrons in the spectra, is the
population trapping in the Rydberg states [22,24]. A useful
insight into the role of this mechanism in our problem can
be obtained by analyzing the distribution P (E,m), where E
is electron energy, m the projection of the electron angular
momentum on the z axis [we use here geometry encapsulated
in Eq. (3), where the (x,y) plane is a polarization plane of the
laser pulse]. This distribution, giving a probability to detect
in the final state an escaped electron with given energy and
angular momentum projection, can be easily obtained from
the TDSE calculation by projecting the solution of the TDSE
after the end of the pulse on an appropriate set of the continuous
spectrum states.
The shape of the distribution P (E,m) is largely dictated by
the well-known selection rules, which state in our case that the
absorption of a photon from the fundamental field in Eq. (3)
increases the electron angular momentum projection by one
unit, while the absorption of a photon from the counterrotating
harmonic field decreases it by one unit. P (E,m) thus provides
a complimentary, photon-based picture of the ionization
process. Assuming that the electron absorbs M photons from
the fundamental field and N photons from the counterrotating
qth harmonic field, we have for the electron energy E and
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FIG. 2. Ionization probability distribution in the polarization
plane for the corotating fundamental and fifth harmonic fields. Pulse
parameters: intensity and frequency of the fundamental field are
I = 1014 W/cm2, ω = 0.057 a.u. (wavelength of 790 nm). Intensity
of the fifth harmonic: 1012 W/cm2.
angular momentum projection m in the final state
E
ω




m = M − N,
where Up is the ponderomotive energy, Ip = 0.5 a.u. the




= m + (q + 1)N − Ip + Up
ω
. (8)
According to this equation, for a fixed number N of absorbed
harmonic photons, the most probable electron energy E is a
linear function of the momentum projection m. The maxima
of the distribution P (E,m) must then, for a fixed N , lie on
a line E = mω + N (q + 1)ω − Ip − Up, producing a band
in the (E,m) plane. We may have several parallel bands
corresponding to different numbers of the absorbed harmonic
photons.
Figure 3 shows calculated P (E,m) distributions for q = 3
and q = 5 cases (counterrotating geometry). The tilted bands,
corresponding to different numbers of absorbed harmonic
photons N , are clearly visible in Fig. 3, in agreement with the
expectations based on the simple arguments we gave above.
From Eq. (8) we obtain N = [(Ip + Up)/ω − m0]/(q + 1),
where m0 is the value of m for which a tilted band crosses
the horizontal axis. Using Up = E21/2ω2 for the pulse in
Eqs. (3) and estimating values of m0 from Fig. 3 as m0 ≈ 5
for both q = 3 and q = 5, we obtain N = 2, M = 7 for the
most prominent tilted band in Fig. 3 for the case q = 5 and
N = 3, M = 8 for the case q = 3. From the point of view
of the photon picture, therefore, the most probable ionization
channel for q = 5 is characterized by the absorption of two
harmonic photons, while it is the absorption of three harmonic
photons for the case of q = 3. It is clear, therefore, why we
have no LES for the case of q = 3, it is generally a higher
order (with respect to the harmonic field), and consequently
weaker process.
To elucidate further the picture of the ionization process, we
will take a closer look at the role which Coulomb interaction
may play in producing observed behavior. In Fig. 4 we show
results obtained if we solve TDSE for the Yukawa potential
V (r) = e−0.1r/r for the same field geometries we used above.
Both photoelectron and P (E,m) distributions shown in
Fig. 4 show the absence of LES. This agrees with the findings
reported in [24], where it was shown that even a small
screening parameter suppresses LES. Another feature manifest
in Fig. 4 is the absence of a significant additional offset from
the positions of the maxima of the momentum distribution
predicted by the SFA-based Eq. (5), which was present in the
Coulomb case. This was to be expected, as this additional offset
is a signature of the Coulomb interaction. The fact that LES are
absent in the case of the Yukawa potential hints that the LES
FIG. 3. P (E,m) (energy, momentum projection) distribution for the counterrotating fundamental and third harmonic (left panel), and
fundamental and fifth harmonic (right panel) fields. Pulse parameters: intensity and frequency of the fundamental field are I = 1014 W/cm2,
ω = 0.057 a.u. (wavelength of 790 nm). Intensities of the third and fifth harmonics were 1012 W/cm2.
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FIG. 4. Ionization probability distribution in the polarization plane for the counterrotating fundamental and fifth harmonic fields for the
Yukawa potential (left panel), and P (E,m) distribution (right panel) for this geometry. Pulse parameters: intensity and frequency of the
fundamental field are I = 1014 W/cm2, ω = 0.057 a.u. (wavelength of 790 nm). Intensity of the harmonic: 1012 W/cm2.
in our case might be due to the presence of the rich structure
of excited states which disappears with the introduction of a
screening factor.
To confirm this suggestion we analyzed the distribution
P (m), which is the probability to find the system in a bound
excited state with a given value of the angular momentum
projection m after the end of the laser pulse. Mathematically,
this distribution can be defined as
P (m) = 〈(T1)|Q̂(m)|(T1)〉, (9)
where (T1) is the TDSE wave function taken at the end of






is the projector on the set of all exited bound states with fixed m.
Distributions P (m) are shown in Fig. 5.
We see that the distribution for the counterrotating Coulomb
case for q = 5 is peaked at m = 4. This fact suggests that
LES in the spectrum for this case may arise as a result of
the absorption of a photon of the fundamental field from
the Rydberg states with m = 4. This agrees with the fact we
established above, that the LES in the right panel of Fig. 1 are
due to the electrons with angular momentum projection m = 5,
which are produced by absorbing M = 7 photons from the
fundamental and N = 2 photons from the harmonic field. The
manifold of the Rydberg states with m = 4 from which these
electrons escape into the continuum, therefore, is populated by
absorbing M = 6 photons from the fundamental and N = 2
photons from the harmonic field. One may inquire why
this particular combination of the fundamental and harmonic
photons and the particular manifold of the Rydberg states with
m = 4 play such an important role. We note first that using
for the ponderomotive energy an estimate Up = E21/2ω2 ≈
0.438 a.u. (where E1 is the field strength of the fundamental
field), the energy of the electron absorbing energy of 16ω from
the electromagnetic fields is ≈ −0.027 a.u., which is close to
the energy of the manifold of the Rydberg states with n = 5.
We may tentatively suppose, therefore, that it is this manifold
of the Rydberg states which is responsible for the appearance
of the LES. As far as the energy balance is concerned, this
manifold can be reached by different pathways. Any integer
solution to the equation M + 5N = 16 gives us a pair (M,N )
of the number of absorbed fundamental and harmonic photons
leading to the same Rydberg manifold with n = 5. Besides the
solution M = 6,N = 2, which leads to the submanifold of the
Rydberg states with M = 4 which we discussed above, there
are possible solutions M = 1,N = 3 and M = 11,N = 1.
Note, however, that solution M = 1,N = 3 corresponds to
a higher (third) order process with respect to the absorption
of harmonic photons, which for the weak harmonic field
strength of 0.01 a.u. we consider has a smaller probability than
















FIG. 5. Angular momentum projection distribution P (m) of
the population of the bound states (excluding the ground state)
for the counterrotating fundamental and fifth harmonic fields for
the Coulomb and Yukawa potentials, corotating fundamental and
fifth harmonic fields (Coulomb potential), and the counterrotating
fundamental and third harmonic fields (Coulomb potential). The
cases are denoted in the figure legend as Coulomb (−) q = 5, Yukawa
(−) q = 5, Coulomb (+) q = 5, and Coulomb (−) q = 3, respectively.
Pulse parameters: intensity and frequency of the fundamental field are
I = 1014 W/cm2, ω = 0.057 a.u. (wavelength of 790 nm). Intensity
of the harmonic field: 1012 W/cm2.
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FIG. 6. Ionization probability distribution in the polarization
plane for the counterrotating fundamental and fifth harmonic for the
fundamental frequency of ω = 0.0547 a.u. Other pulse parameters:
intensity of the fundamental field I = 1014 W/cm2, intensity of the
fifth harmonic 1012 W/cm2.
pair. The photon absorption process corresponding to the
pair M = 11,N = 1, on the other hand, cannot populate the
manifold of the Rydberg states with n = 5 since it leads (due
to the dipole selection rules) to the much higher value m = 10
of the projection of the electron angular momentum. There are
no states with m = 10 in the manifold of the Rydberg states
with n = 5.
The mechanism which we outlined above attributes LES to
the resonance population of a certain manifold of the Rydberg
states and must, consequently, have a resonance character
exhibiting sensitivity to the photon frequency. We performed
a separate calculation for the counterrotating geometry for
q = 5 using a slightly different value (ω = 0.0547) for the
frequency of the fundamental field. The results are shown in
Fig. 6. A comparison of this figure and the corresponding
distribution in Fig. 1 shows that the LES in the spectrum for
the ω = 0.0547 a.u. case are considerably weaker than for
ω = 0.0577 a.u.
For the counterrotating case with q = 3 population of the
Rydberg states with large m, which might produce LES is
much lower. This is because Rydberg states in this case are
populated by three harmonic photons (not two as in the q = 5
case), which for the harmonic fields of small intensity we
consider is a much weaker process. Hence, the LES for the
counterrotating case with q = 3 are suppressed. In the case
of the Yukawa potential we do not have a Rydberg series at
all, the m distribution sharply drops, and the LES are absent.
An explanation of the absence of LES for the case of the
corotating fields with q = 5 is similar to the one we gave
above when discussing why the process corresponding to the
pair M = 11,N = 1, though satisfying the energy balance,
cannot populate the n = 5 manifold of the Rydberg states.
The absorption of a pair (M,N ) of the fundamental and
harmonic photons leads for the corotating geometry (due to
the dipole selection rules) to the electronic states with electron
momentum projection m = M + N , while m = M − N for
the absorption of M fundamental and N harmonic photons
for the counterrotating geometry. For M and N such that
a group of the Rydberg states can be resonantly populated,
the electronic states with angular momentum projection m =
M + N can, in fact, be absent in the particular manifold of the
Rydberg states. This, we believe, happens in our problem. For
example, the process corresponding to the pair M = 6,N = 2
would lead for the corotating geometry to the electronic
states with m = 8 belonging to a higher-lying manifold of the
Rydberg states, which is off-resonance. The LES, therefore,
are not produced.
IV. CONCLUSION
We present a study of the photoelectron spectra for the
ionization process driven by counterrotating and corotating
circularly polarized fundamental and odd-order harmonic
fields. The main features of the spectra, such as the symmetric
patterns, can be easily explained using simple arguments based
on the SFA theory of ionization. Relatively minor deviations
from the SFA picture (the presence of the overall rotation of the
spectra in the polarization plane, the so-called Coulomb offset
angles) are well understood, and the result from the effect of
the Coulomb interaction.
The main difference with the SFA predictions, which can be
observed in the calculated photoelectron spectra, is the pres-
ence of the LES. Of all the field configurations we considered,
LES were present only for the case of ionization driven by
the counterrotating fundamental field and its fifth harmonic.
LES were found neither for the corotating fundamental field
and harmonic fields, nor for the case of the counterrotating
fundamental field and its third harmonic. In the case of the
counterrotating fundamental field and its fifth harmonic, LES
were found to disappear if we used screened Coulomb potential
in the calculations. We tried to elucidate this phenomenon,
and found that the resonant population of the manifold of
the Rydberg states with n = 5 by the process of a combined
absorption of the photons from the fundamental and harmonic
fields is responsible for its origin.
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